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Abstract
LetX be a symplectic variety equipped with an action of a torus A.
Let νb ⊂ A be a finite cyclic subgroup. We show that K-theoretic
stable envelope of subvarieties Xνb ⊂ X can be obtained via various
limits of the elliptic stable envelopes of X. An example of X given
by the Hilbert scheme of points in the complex plane is considered in
detail.
1 Introduction
1.1
The development of the theory of elliptic stable envelope was initiated by
M. Aganagic and A. Okounkov in [3]. Since then the theory has found re-
markable applications to various areas of mathematics. To list just a few,
stable envelopes can be related to the so-called Bethe vectors in integrable
models [2], they provide a new description of canonical bases for quantum
groups [12], they manifest themselves as weight functions for solutions of
the qKZ equations [29, 31, 15, 14], they provide explicit formulas for the
R-matrices of various algebras (Yangians, quantum loop algebras and ellip-
tic quantum groups) [19, 24, 5, 33]. Stable envelopes also find important
applications in Donaldson-Thomas theory of threefolds [16], quantum field
theory and string theory [9, 4], and combinatorics of symmetric polynomi-
als [11, 13, 23, 32, 20].
Initially, the theory was built as a tool to describe the monodromy of
qKZ-like equations and quantum difference equations associated with the
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quiver varieties [26]. These ideas were outlined in [2, 1] as a generalization
of earlier developments in [37, 38, 36, 8, 39].
In geometric approach, qKZ equations and quantum difference equations
describe q-holonomic modules generated by vertex functions of symplectic va-
rieties [25]. These developments revealed a deep interaction between Gromov-
Witten type enumerative theories and representation theory. We refer to
[27, 17, 18] for recent progress in this direction, see also [6, 7] for the descrip-
tion of vertex functions in more specific situations.
The elliptic stable envelope relates the enumerative invariants of sym-
plectic varieties to enumerative invariants of the symplectic dual varieties [3].
This suggests that stable envelopes provide a natural tool to work with sym-
plectic duality (or 3d-mirror symmetry). This idea was first emphasised by
A. Okounkov in his talk “Enumerative symplectic duality” during the 2018
MSRI workshop “Structures in Enumerative Geometry” and further exam-
ined in several special cases in [28, 30, 35].
1.2
An interesting problem in enumerative geometry of symplectic varieties is to
find a better description of the corresponding q-difference equations. Even
though this problem has been partly addressed in [25, 26], the treatment
developed there is not entirely geometric and relies on the techniques of the
Hopf algebras invented earlier in [8].
The analysis of the monodromy of these equations leads to a new geomet-
ric approach, which describes the building blocks of the q-difference equations
(for instance the dynamical wall-crossing operators,see Section 5.3.1 in [26])
by special limits of the elliptic stable envelopes. This paper was mainly mo-
tivated by this idea and we consider it as a first natural step in this research
direction. Here we study special limits of the elliptic stable envelopes which
arise in the following way: let A be a torus acting on a symplectic variety
X by automorphisms, let νb ⊂ A be a cyclic subgroup of finite order. The
inclusion Xνb ⊂ X induces a morphism of the elliptic cohomology schemes
i : EllT(X
νb)→ EllT(X). In this setup, the elliptic cohomology scheme of the
νb-fixed subset admits certain transformations ωw : EllT(X
νb) → EllT(Xνb)
which preserve its structure. These transformations act by shifting the equiv-
ariant parameters ωw : a → aqw by special elements w ∈ LieQ(A) (q denotes
the modular parameter of the underlying elliptic curve E).
In Theorem 1 we prove that the elliptic stable envelope of X twisted by
2
ωw in the limit q = 0 converges to the K-theoretic stable envelope of the
νb-fixed subvarieties. Schematically,
Elliptic stable envelope of X
q→0,z→0D−→ K-theoretic stable envelope of Xνb (1)
where z → 0D denotes certain vanishing of Ka¨hler parameters which controls
the slope of the K-theoretic stable envelopes.
In Section 4 we apply this result to X given by the Hilbert scheme of
points in C2. In this case the components of the fixed set Xνb are isomorphic
to the Nakajima quiver varieties associated with cyclic quivers. Theorem 3
then establishes exact correspondence between stable envelopes for these va-
rieties. Our results here are related to the conjectures proposed in [11], and
we expect that their conceptual proofs will be obtained along these lines.
In the last section we consider a special case of νb given by a subgroup
of framing torus of a Nakajima quiver variety X. In this situation the twists
ωw and fixed sets X
νb are labeled by certain arrangement of hyperplanes in
LieR(A). The K-theoretic stable envelopes of X
νb arising in the limit (1) for
all choices of ωw are described by Theorem 4.
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2 Elliptic stable envelopes
2.1
Let X be a symplectic variety with an action of algebraic torus T. As usual,
we assume that the action of T scales the symplectic form with a character
which we denote ~−1. We denote by A := ker(~−1) ⊂ T the codimension one
subtorus preserving the symplectic form.
We assume that XT is finite. We assume also that elliptic stable envelope
exists for X. It is well known that the class of symplectic varieties satisfying
this condition is quite large. For example, it includes all Nakajima quiver
varieties, see Theorem 3 in [3].
For the definition of the elliptic stable envelope and basics of elliptic
cohomology we refer to Sections 2-3 in [3] and Sections 2 in [34], in particular,
the Subsection 2.13 in [34] deals with the case of finite XT.
2.2
Let λ ∈ XT be a fixed point. By our assumption, for any choice of a cham-
ber C ⊂ LieR(A) and a polarization P ∈ KT(X) (for definitions see, for
instance, Section 2 of [34]) we have the well defined elliptic stable envelope
StabEllX,C,P (λ). By definition, Stab
Ell
X,C,P (λ) is a section of a certain bundle
(Section 2.13 in [34]) over the extended elliptic cohomology scheme
ET(X) = EllT(X)× EPic(X)
where EllT(X) denotes the T-equivariant elliptic cohomology scheme of X
and EPic(X) = E⊗ZPic(X) for a family of elliptic curves E = C×/qZ over the
punctured disc 0 < |q| < 1.
Recall that ET(X) is a scheme over the extended elliptic cohomology
scheme of a point:
ET(X)
pi−→ BT,X := EllT(pt)× EPic(X) ∼= Edim(T)+rk(Pic(X)).
The coordinates on the abelian variety EllT(pt) are usually called the equiv-
ariant parameters. We denote them by a (for those corresponding to A) and
~ (cosponsoring to T/A). The coordinates in EPic(X) are referred to as the
Ka¨hler parameters and are denoted by z.
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2.3
We recall that the elliptic cohomology scheme has the following structure:
ET(X) =
( ∐
λ∈XT
Ôλ
)
/∆
where Ôλ ∼= BT,X and ∆ denotes the data describing how the fixed point
components Ôλ glue to form ET(X), see Section 2 in [28]. We denote the
restriction of the elliptic stable envelope to the fixed point components by
Tλ,µ(a, z) = Stab
Ell
X,C,P (λ)
∣∣
Ôµ
.
The components Tλ,µ(a, b) represent sections of certain line bundles over the
abelian varieties Ôµ and thus can be expressed in terms of the odd Jacobi
theta function associated with E:
ϑ(x) = (x1/2 − x−1/2)
∞∏
i=1
(1− xqi)(1− qi/x). (2)
Note that in the multiplicative notations odd means
ϑ(1/x) = −ϑ(x). (3)
The quasiperiods of these sections are governed by
ϑ(xq) = − 1
x
√
q
ϑ(x). (4)
Given a K-theory class P we will denote by Θ(P ) the corresponding elliptic
Euler class. For example, if
P =
∑
i
ai −
∑
j
bj ∈ KA(pt)
where ai, bi are some characters of A then, explicitly
Θ(P ) =
∏
i
ϑ(ai)∏
j
ϑ(aj)
. (5)
We denote the q = 0 limit of the theta function by:
sˆ(x) := ϑ(x)|q=0 = x1/2 − x−1/2
and extend it by the linearity to sums of characters, so that sˆ(P ) is given by
the right side of (5) with symbol ϑ replaced by sˆ.
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2.4
By definition of the elliptic stable envelope, the sections Tλ,µ(a, z) are holo-
morphic in equivariant parameters a. The important feature of sections
Tλ,µ(a, z) is that they are also balanced.
Let E = En × Em be an abelian variety. We denote the coordinates
on the factors by a = (a1, . . . , an) and z = (z1, . . . , zm). Let s(a, z) be a
meromorphic section of degree zero line bundle over E .
Definition 1. We say that s(a, z) is balanced in the variables a if in coordi-
nates it can be represented in the following form:
s(a, z) =
∑∏
l
ϑ(al . . . )
ϑ(al . . . )
(6)
where al = al11 . . . a
ln
n denote monomials in the variables a and . . . stands for
monomials in the rest of variables z.
For example, the following section over E × E:
s(a, z) =
ϑ (az)
ϑ (a)ϑ (z)
+
ϑ (a2z)ϑ (a)
ϑ (a2)ϑ (az)
is balanced in variable a. It is also balanced in variable z. But it is not
balanced in variables (a, z).
2.5
As q → 0 the elliptic curve converges to nodal elliptic curve with smooth
locus isomorphic to C×. The balanced sections are characterized by good
behavior in this limit.
Lemma 1. For any w = (w1, . . . ,wn) ∈ Rn and a section s(a, z) balanced in
variables a the following limit exists
√
z lim
q→0
s(aqw, z) ∈ C(a, z) (7)
where aqw = (a1q
w1 , . . . , anq
wn) and
√
z denotes the square root of some
monomial in variables z1, . . . , zm.
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Proof. Let w ∈ R. The Lemma follows immediately from the following iden-
tity
lim
q→0
ϑ(zaqw)
ϑ(aqw)
=
{
z−bwc−1/2, w 6∈ Z
1− az
1− a z
−w−1/2, w ∈ Z (8)
where bwc stands for the integral part of w. This identity, in turn, can be
derived from (2).
Natural examples of balanced sections are provided by restrictions of the
elliptic stable envelopes to the components of the fixed points. For λ, µ ∈ XT
let us consider the following section
s(a, z) =
Tλ,µ(a, z)
Θ(Pµ)
=
StabEllX,C,P (λ)
∣∣
µ
Θ(Pµ)
. (9)
Here a and z denote the equivariant and Ka¨hler parameters, which are the
coordinates on abelian variety Ôµ.
Proposition 1. If X is a hypertoric variety then (9)
1) is balanced in the equivariant parameters a,
2) is balanced in the Ka¨hler parameters z.
3) has poles separately in a and z
The property 3) means that for s(a, z) it is allowed to have factors
ϑ(a)ϑ(z) but not ϑ(az) in denominators of (6).
Proof. For the hypertoric varieties, the formulas for the elliptic stable en-
velopes of fixed points can be described very explicitly as certain products of
theta functions, see Section 4.1.3 of [3] or Section 3.2 in [35]. These hyper-
toric formulas are explicitly balanced separately in equivariant and Ka¨hler
parameters, and have separated poles.
Corollary 1. If X is a quiver variety with finite XT then (9) has properties
1), 2), 3).
Proof. For quiver varieties, the elliptic stable envelope of a fixed point λ ∈ XT
can be expressed in terms of the elliptic stable envelopes of fixed points in
the hypertoric variety given by the abelianization of X. We refer to Section
4 of [3] (in particular Section 4.3) where the details of the abelianization
procedure are explained.
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We expect that these properties of the elliptic stable envelope hold in
general.
Conjecture 1. Let X be a smooth symplectic variety with finite XT for
which the elliptic stable envelope exists. Then 1),2),3) hold for (9).
2.6
From the proof of Lemma 1 it is clear that for generic w the limit (7) does
not depend on variables a, i.e, is an element of C(z). The points for which
this is not true play crucial role.
Definition 2. Let s(a, z) be a section balanced in variables a. The point
w ∈ Rn is called a resonance of s(a, z) if the limit (7) is a non-trivial function
of a: √
z lim
q→0
s(aqw, z) 6∈ C(z)
We say that w is a resonance of a collection of balanced sections {si(a, z)}i∈I
if it is a resonance for at least one of them.
We will denote by Res({si(a, z)}i∈I) ⊂ Rn the set of resonances of a
collection {si(a, z)}i∈I .
Assume we are given a finite set of a-balances sections {si(a, z)}i∈I . Con-
sider the set of weights
L = {l = (l1, . . . , ln) ∈ Zn : appearing in (6) for all si(a, z), i ∈ I}
Let Λ∗ ⊂ Rn be the lattice generated by L, and let Λ be the dual lattice. We
can assume that Λ ⊂ Rn by identifying Rn with its dual.
Proposition 2. The set Res({si(a, z)}i∈I) is a Λ-periodic arrangement of
hyperplanes in Rn.
Proof. It is clear from the explicit form (6) and limit (7) that w is a resonance
only if 〈l,w〉 = m for some integral m. This is a Λ-periodic arrangement of
hyperplanes.
Note 1. Res({si(a, z)}i∈I) is a subarrangement of the hyperplane arrange-
ment given by
〈l,w〉 = m
for l ∈ L, m ∈ Z (but does not necessarily coincides with it).
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2.7
The K-theoretic stable envelope (we refer to Section 9 of [25] for its definition)
can be obtained from the elliptic as the following limit:
Proposition 3 (Proposition 4.3 in [3]). For generic s ∈ Pic(X)⊗R we have:
det(P )−1/2 ⊗ lim
q→0
(
StabEllX,C,P (λ)
∣∣
z=qs
)
⊗ det(Pλ,0)1/2 = StabKth,[s]X,C,P (λ) (10)
where Stab
Kth,[s]
X,C,P (λ) is the K-theoretic stable envelope of λ with slope s. (Pλ,0
denotes the component of Pλ which has zero degree in a, as in (15)).
The K-theoretic stable envelopes for the slopes which are close to 0 ∈
Pic(X)⊗R play a special role in representation theory, see Theorem 10.2.11
in [25] for an example. IfU0 ⊂ Pic(X)⊗R is a small analytic neighborhood of
0 then the K-theoretic stable envelope changes only when the slope crosses
certain hyperplanes passing through 0 ∈ Pic(X) ⊗ R. These hyperplanes
divide the neighborhood into a set of chambers:
U0 \ {hyperplanes} =
∐
i
Di. (11)
We will denote K-theoretic stable envelopes with the slope from these cham-
bers by:
StabDX,C,P (λ) := Stab
Kth,[s]
X,C,P (λ), s ∈ D.
If we denote
lim
z→0D
f(z) := lim
q→0
f(qs), s ∈ D,
then for small slopes (i.e., from U0) the above proposition gives:
Proposition 4. If
S(λ) := det(P )−1/2 ⊗
(
lim
q→0
StabEllX,C,P (λ)
)
⊗ det(Pλ,0)1/2 ∈ KT(X)⊗ C(z)
then
lim
z→0D
S(λ) = StabDX,C,P (λ) (12)
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2.8
From the definition of the elliptic stable envelope we know that the section
(9) has the following quasiperiods:
s(aqσ, z) = zχλ(σ,·)−χµ(σ,·)s(a, z) s(a, zqδ) = aχλ(·,δ)−χµ(·,δ)s(a, z)
where σ ∈ cochar(A) and δ ∈ cochar(K), and χλ is a pairing:
χλ : cochar(A)× cochar(K)→ Z.
(here we denote the Ka¨hler torus of X by K = Pic(X)⊗Z C×). By Lemma 1
this section has a well defined limit when q → 0, moreover:
Lemma 2. If w ∈ cochar(A)⊗ R and v ∈ cochar(K)⊗ R then the limits
lim
z→0D
(
z−χλ(w,·)+χµ(w,·) lim
q→0
s(aqw, z)
)
and lim
a→0C
(
a−χλ(·,v)+χµ(·,v) lim
q→0
s(a, zqv)
)
exist for all chambers C and D.
Proof. Assume that both A and K are one-dimensional. The general case
then follows from choosing arbitrary one-dimensional subtori in A and K.
We prove the Lemma for the first limit. For the second the argument is the
same after switching the roles of a and z.
We need to show that the limits z → 0 and z →∞ of lim
q→0
s(aqw, z) exist.
As s(a, z) is balanced, it must have the form:
s(a, z) =
∑
f(a)g(z)
∏
i
ϑ(anizmi)
ϑ(ani)ϑ(zmi)
(13)
where f(a) and g(z) are some balanced sections of depending only on a and z
respectively. In the one-dimensional case w ∈ R and χλ(·, ·) ∈ Z. Moreover,
from (4) we compute that
χλ(·, ·)− χµ(·, ·) = −
∑
i
nimi, (14)
and thus −χλ(w, ·) + χµ(w, ·) = w
∑
i
nimi. The terms in the sum (13) are
sections of the same line bundle, and thus (14) must be the same for each
term. From (8) we see that
lim
q→0
(
f(a)g(z)
∏
i
ϑ(anizmi)
ϑ(ani)ϑ(zmi)
)
= r(a, z)
∏
i
z−bwnicmi
zmi − 1
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with r(a, z) such that the limits
lim
z→0
r(a, z) ∈ Q(a), lim
z→∞
r(a, z) ∈ Q(a)
exist and are nontrivial. We note that 0 ≤ wni − bwnic < 1, which means
that
lim
z→0
zmi(wni−bwnic)
zmi − 1 <∞, limz→∞
zmi(wni−bwnic)
zmi − 1 <∞
and the lemma follows.
3 Subvarieties invariant under finite subgroups
3.1
Let νb ⊂ A be a cyclic subgroup of order b and let Xνb be its fixed set. The
action of A on Xνb factors through the map ψ : A→ A′ = A/νb. We denote
Z = ψ−1(qcochar(A
′)). The group Z acts on ET(X
νb) by translations in the
equivariant parameters a→ aqw.
We fix an element qw ∈ Z such that (qw)b ∈ qcochar(A′)\{0} but (qw)m 6∈
qcochar(A) for 0 < m < b. We denote the corresponding translation of the
elliptic cohomology scheme by ωw:
ET(X
νb)
ωw //
pi∗

ET(X
νb)
pi∗

BT,Xνb
a→aqw //BT,Xνb .
3.2
The restriction of the polarization to a fixed point has the following decom-
position:
Pλ = Pλ,>0 ⊕ Pλ,<0 ⊕ Pλ,0 ∈ KA(pt) (15)
where the three terms denote the parts whose A-characters take positive,
negative or zero values at the chamber C. The positive part is called index
of the fixed point λ:
indλ = Pλ,>0 ∈ KA(pt).
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Similarly we, have a decomposition of the tangent spaces at the fixed points:
TλX = N
+
λ ⊕N−λ .
For a Laurent polynomial
indλ =
∑
σ∈char(A)
aσ
and w ∈ cochar(A)⊗ R we denote
bindλ · wc =
∑
σ∈char(A)
b〈σ,w〉c.
We also define σλ ∈ char(A) by
det(Pλ) = a
σλ ∈ KA(pt). (16)
Lemma 3. If P νbλ , N
−,νb
λ , ind
νb
λ denote νb-invariant parts of P,N
−
λ and indλ,
then for w as in Section 3.1 we have:
lim
q→0
([
Θ(N−λ )
Θ(Pλ)
]
a=aqw
)
= (−1)rk(indλ−indνbλ )~bindλ·wc sˆ(N
−,νb
λ )
sˆ(P νbλ )
= (−1)rk(indλ−indνbλ ) ~
bindλ·wc+rk(indλ)/2
det(indλ) det(Pλ,0)1/2
Λ•(N¯−,νbλ )
Λ•(P¯ νbλ )
(17)
Proof. Follows directly from (8).
3.3
We recall that the K-theoretic stable envelope can be obtained as a q → 0
limit of
det(P )−1/2 ◦ StabEllX,C,P ◦ det(P0)1/2
see Section 4.5.2 in [3]. In particular, the K-theoretic stable envelope in this
approach is normalized by its diagonal components:
det(P )−1/2 ◦ StabEllX,C,P ◦ det(P0)1/2 q=0−→
~rk(indλ)/2
det(indλ)
Λ•(N¯−λ ) (18)
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3.4
The chamber C and the νb-invariant part of the polarization P
νb ∈ KT(Xνb)
define the elliptic and K-theoretic stable envelopes for Xνb . The inclusion
Xνb → X induces a map of extended elliptic cohomology schemes:
i : ET(X
νb)→ ET(X).
If D is a chamber from (11) then we denote by D′ the corresponding chamber
for Xµb defined by the property:
κ(D) ⊂ D′ (19)
where κ : Pic(X)⊗ R→ Pic(Xνb)⊗ R is the induced map.
For w ∈ cochar(A)⊗ R let us define a char(K)-valued function on XT by
λ→ χλ(w, ·) ∈ char(K).
Here is our main result.
Theorem 1. Let ωw be the translation in equivariant parameters as in Sec-
tion 3.1. Define
S := λ→ Λ•(P¯ νb) ◦ ω∗w ◦ i∗
(
StabEllX,C,P (λ)
Θ(P )
)
◦ det(P0,λ)1/2,
then
lim
z→0D
(
zχ(w,·)−χλ(w,·) lim
q→0
S(λ)
)
(20)
= (−1)rk(indλ−indνbλ )~bindλ·wc StabD′Xνb ,C,Pνb (λ).
Proof. Let us assume that A ∼= C×. If not, we can choose a cocharacter
C× → A whose image contains νb, then the shift ω∗w does not affect the
equivariant parameters in A/C× and thus they do not change the limit q → 0.
Let us denote
Eλ,µ(a, z) := i
∗
(
StabEllX,C,P (λ)
Θ(P )
)∣∣∣∣∣
µ
.
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These are the fixed point components of certain meromorphic section over
ET(X
νb). We have
Eλ,µ(aq
w, z) = ω∗w ◦ i∗
(
StabEllX,C,P (λ)
Θ(P )
)∣∣∣∣∣
µ
(21)
By Corollary 1 the sections Eλ,µ(a, z) are balanced, i.e., are of the form (6).
By Lemma 1 the limit
lim
q→0
Eλ,µ(aq
w, z)
exists. By (8), only the factors ϑ(an . . . ) ( . . . stands for monomials in z and
~) in the numerator and denominator of Eλ,µ(aqw, z) with n | b can contribute
a nontrivial function of a in this limit. The factors with n - b in the limit
q → 0 can only produce monomials in z and ~. The factors Θ(P ) with n | b
are exactly those from the invariant part Θ(P νb). Thus, one can cancel all
poles in the limit of (21) by tensoring it with Λ•(P¯ νb). We conclude that
Kλ,µ(a, z) = Λ
•(P¯ νbµ )⊗ lim
q→0
Eλ,µ(aq
w, z)⊗ det(Pλ,0)1/2
are holomorphic in equivariant parameters a. These are the fixed point com-
ponents of a holomorphic (in a) function on Spec(KT(X
νb)) ⊗ K, which we
denote by
K(λ) := Λ•(P¯ νb) ◦ lim
q→0
ω∗w ◦ i∗
(
StabEllX,C,P (λ)
Θ(P )
)
◦ det(Pλ,0)1/2 (22)
From the support condition for StabEllX,C,P (λ) (see Section 3.3.5 [3]) we find
that K(λ) is supported at:
Supp(K(λ)) ⊂ Xνb ∩ AttrfX(λ) = AttrfXνb (λ). (23)
By definition of the elliptic stable envelope StabEllX,C,P (λ)
∣∣
λ
= Θ(N−X,λ). The
factors in Θ(N−X,λ) with n | b are exactly those in Θ(N−Xνb ,λ). From Lemma 3
we find that the diagonal components of K(λ) have the form:
K(λ)|λ = (−1)rk(indλ−ind
νb
λ )
~bindλ·wc+rk(indλ)/2
det(indλ)
Λ•(N¯−Xνb ,λ). (24)
14
The K-theoretic stable envelope is characterized by a-degree bound on its
fixed point components, see Section 9.1.9 in [25]. In particular, Corollary 4
implies that we have the following bounds:
degA
 lim
z→0D
(
Λ•(P¯µ)⊗ lim
q→0
StabEllX,C,P (λ)
Θ(P )
∣∣∣∣∣
µ
)
⊂ degA
 lim
z→0D
(
Λ•(P¯µ)⊗ lim
q→0
StabEllX,C,P (µ)
Θ(P )
∣∣∣∣∣
µ
)
⊗ sλ ⊗ s−1µ
 (25)
where sλ denotes the restriction of a line bundle s ∈ D from (11).
If we consider the same limits with additional shift ω∗w as in (22) the only
the terms ϑ(an . . . ) with n | b contribute. Thus, taking the νb-invariant part
of (25) we obtain:
degA( lim
z→0D
zχλ(w,·)−χµ(w,·) K(λ)|µ) ⊂ degA( limz→0D K(µ)|µ ⊗ sλ ⊗ s
−1
µ ) (26)
(note that the limits exist by Lemma 2). Now, (23), (24) and (26) say that
the K-theory class
lim
z→0D
zχλ(w,·)−χ(w,·)K(λ)
satisfies all three defining properties of the K-theoretic stable envelope with
slope s, see Section 9 in [25].
Comparing (24) with (18) we find that the normalization of this K-
theoretic stable envelope differs from the one accepted in [25, 3] by a factor
(−1)rk(indλ−indνbλ )~bindλ·wc.
The theorem follows from the uniqueness of the stable envelope in K-theory
see Proposition 9.2.2 in [25].
3.5
For practical computations, it might be more convenient to formulate the
above theorem as follows. Let us consider the normalized matrix of restric-
tions:
T˜λ,µ(a, z) :=
StabEllX,C,P (λ)
∣∣
µ
StabEllX,C,P (λ)
∣∣
λ
. (27)
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This is a triangular matrix with trivial diagonal T˜λ,λ(a, z) = 1 and other
coefficients given by certain elliptic functions. Similarly we denote
K˜λ,µ(a, ~) :=
StabD
′
Xνb ,C,Pνb (λ)
∣∣∣
µ
StabD
′
Xνb ,C,Pνb (λ)
∣∣
λ
(28)
the matrix of K-theoretic stable envelopes of Xνb with a slope from D′ nor-
malized in the same fashion.
Theorem 2. The matrix K˜(a, ~) can be obtained from the matrix T˜λ,µ(a, z)
in the following limit:
lim
z→0D
Z
(
lim
q→0
T˜ (aqw, z)
)
Z−1 = HK˜(a, ~)H−1 (29)
where Z denotes the diagonal matrix
Z := diag(zχλ(w,·))
∣∣
λ∈XT
and H denotes the diagonal matrix
H := diag
(
(−1)rk(indλ−indνbλ )~mλ(w)/2
)∣∣∣
λ∈XT
,
for
mλ(w) = 〈σλ,w〉 −
∑
σ∈charA(N−λ )
b〈σ,w〉c.
with σλ from (16).
Proof. By definition StabEllX,C,P (λ)
∣∣
λ
= Θ(N−λ ), therefore the elliptic functions
in (20) (before taking the limits) differ from those in (27) by the ratio
Θ(N−λ )
Θ(Pλ)
. (30)
We note that
N−λ = Pλ,<0 + ~P¯λ,>0 (31)
and thus by (15) we have
Θ(N−λ )
Θ(Pλ)
=
(−1)rk(Pλ,>0)
Θ(Pλ,0)
Θ(Pλ,>0~−1)
Θ(Pλ,>0)
.
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We conclude that this ratio is a balanced function in the equivariant param-
eters a. Dividing any balanced function by this ratio is clearly a balanced
function again and thus all elliptic functions (27) are balanced in a. By
Lemma 1 we conclude that the limits q → 0 in (29) are well defined for all w.
Conjugation by the diagonal matrix Z gives:
T˜λ,µ(a, z)→ zχµ(w,·)−χλ(w,·)T˜λ,µ(a, z),
which is the same monomial z-prefactor as in (20). Thus, the existence of
the limit z → 0D follows from Theorem 1 (note that the ratio (30) does
not depend on the Ka¨hler parameters and thus can not affect asymptotic
behavior at z → 0D).
We conclude that the left-hand side of (29) is equal to the restriction
matrix for the class (20) if we normalize it as in (27) namely:(
lim
z→0D
Z
(
lim
q→0
T˜ (aqw, z, ~, q)
)
Z−1
)
λ,µ
=
(−1)rk(indλ−indνbλ )~bindλ·wc StabD′Xνb ,C,Pνb (λ)
∣∣∣
µ
(−1)rk(indµ−indνbµ )~bindµ·wc StabD′Xνb ,C,Pνb (µ)
∣∣
µ
= K˜λ,µ(a, ~)Hλ/Hµ
The theorem follows from the identity
bindλ · wc − bindµ · wc = mλ(w)−mµ(w)
provided by the Lemma 4.
Lemma 4. For λ, µ ∈ (Xνb)T we have
bindλ · wc − bindµ · wc = mλ(w)−mµ(w)
where
mλ(w) = 〈σλ,w〉 −
∑
σ∈charA(N−λ )
b〈w, σ〉c.
with σλ from (16)
Proof. We start from (17) and write
Θ(N−λ )
Θ(Pλ)
=
Θ(N−λ )
Θ(N−λ ~−1/2)
Θ(N−λ ~−1/2)
Θ(Pλ)
.
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From (31) we find:
Θ(N−λ ~
−1/2) = Θ((Pλ,<0+~P¯λ,>0)~−1/2) = (−1)rk(indλ)Θ((Pλ,<0+Pλ,>0)~−1/2)
where the last equality follows from (3). Using (15) we find:
Θ(N−λ ~
−1/2) =
(−1)rk(indλ)
Θ(Pλ,0~−1/2)
Θ(Pλ~−1/2) (32)
and overall we obtain:
Θ(N−λ )
Θ(Pλ)
=
( (−1)rk(indλ)
Θ(Pλ,0~−1/2)
)( Θ(N−λ )
Θ(N−λ ~−1/2)
)(Θ(Pλ~−1/2)
Θ(Pλ)
)
.
Note that each multiple in this expression is balanced in a, (the first one does
not depend on a). Applying (8) we find:
lim
q→0
( (−1)rk(indλ)
Θ(Pλ,0~−1/2)
)
=
(−1)rk(indλ)
sˆ(Pλ,0~−1/2)
lim
q→0
( Θ(N−λ )
Θ(N−λ ~−1/2)
)
a=aqw
=
sˆ(N−,νbλ )
sˆ(N−,νbλ ~−1/2)
∏
σ∈charA(N−λ )
~−b〈σ,w〉c/2−1/4
lim
q→0
(Θ(Pλ~−1/2)
Θ(Pλ)
)
a=aqw
=
sˆ(P νbλ ~−1/2)
sˆ(P νbλ )
∏
σ∈charA(Pλ)
~b〈σ,w〉c/2+1/4
Note that (32) also holds if we substitute Θ by sˆ , and thus, for νb-invariant
part we have
sˆ(N−,νbλ )
sˆ(P νbλ )
=
( (−1)rk(indνbλ )
sˆ(P νbλ,0~−1/2)
)( sˆ(N−,νbλ )
sˆ(N−,νbλ ~−1/2)
)( sˆ(P νbλ ~−1/2)
sˆ(P νbλ )
)
.
Combining all these limits we find:
lim
q→0
([
Θ(N−λ )
Θ(Pλ)
]
a=aqw
)
=
(−1)rk(indλ−indνbλ ) sˆ(N
−,νb
λ )
sˆ(P νbλ )
∏
σ∈charA(N−λ )
~−b〈σ,w〉c/2−1/4
∏
σ∈charA(Pλ)
~b〈σ,w〉c/2+1/4.
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Comparing this with (17) we obtain:
bindλ · wc =
∑
σ∈charA(N−λ )
(−b〈σ,w〉c/2− 1/4) +
∑
σ∈charA(Pλ)
(b〈σ,w〉c/2 + 1/4).
The last step is to note that the characters appearing in Pλ and Pµ for
λ, µ ∈ (Xνb)T can only differ by an integral part of w which means that∑
σ∈charA(Pλ)
(b〈σ,w〉c/2 + 1/4)−
∑
σ∈charA(Pµ)
(b〈σ,w〉c/2 + 1/4) =
1/2
( ∑
σ∈charA(Pλ)
〈σ,w〉 −
∑
σ∈charA(Pµ)
〈σ,w〉
)
= (〈σλ,w〉 − 〈σµ,w〉)/2,
and thus
bindλ · wc − bindµ · wc =
= (〈σλ,w〉 −
∑
σ∈charA(N−λ )
b〈σ,w〉c)/2− (〈σµ,w〉 −
∑
σ∈charA(N−µ )
b〈σ,w〉c)/2 =
= mλ(w)−mµ(w).
3.6
From the other side, for w ∈ LieR(A) let us consider the cyclic subgroup
νw = 〈e2piiw〉 ⊂ A. We denote
Res(X) = {w ∈ LieR(A) : Xνw 6= XA}.
We will call the points from Res(X) ⊂ LieR(A) resonances. We will now show
that this terminology is in agreement with Definition 2.
Proposition 5. The sets
1. S1 = Res({T˜λ,µ(a, z)}λ,µ∈XT),
2. S2 = Res(X),
3. S3 = {w ∈ LieR(A) : 〈α,w〉 + m = 0, m ∈ Z, α ∈ charA(TλX), λ ∈
XA},
are equal.
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Proof. Assume that w ∈ S2, then Xνw 6= XA. Xνw is a A-invariant subvariety
of X, with the same set of A-fixed points. Let λ be a A-fixed point with at
a nontrivial component of Xνw (i.e., this component does not concisit of a
single point λ). Let aα be a an A weight from TλX
νw . It is invariant under
νw, which means that e
2pii〈α,w〉 = 1, or that w ∈ S3. Thus we showed that
S2 ⊂ S3.
Next assume w ∈ S3. Then there exists a fixed point λ and a direction
in TλX with character α for which 〈α,w〉 ∈ Z. This means that this whole
direction in X is preserved under the action of νw, i.e., X
νw is larger that
XA. Thus w ∈ S2 and therefore S3 ⊂ S2. We conclude S2 = S3.
Next, assume that w ∈ S2. The variety Xνw is a non-trivial (not finite)
and thus the matrix of restrictions of K-theoretic stable envelopes K˜λ,µ(a)
defined by (28) depends on parameters a non-trivially. By Theorem 2,
lim
z→0D
Z
(
lim
q→0
T˜ (aqw, z)
)
Z−1
is then a non-trivial function of a. This is only possible if lim
q→0
T˜ (aqw, z) is a
non-trivial function of a. Thus, thus w ∈ S1 and so S2 ⊂ S1.
Finally, the a-balances sections T˜λ,µ(a, z) as defined by (27) all have de-
nominators
StabEllX,C,P (λ)
∣∣
λ
=
∏
aα∈weightsA(TλX)
〈l,σ〉<0
ϑ(al . . . )
where . . . stand for some power of ~. We conclude that the set S1 is a subset
of the hyperplane arrangement
〈l,w〉 = m,
wherem ∈ Z and l runs over all characters appearing TλX such that 〈l, σ〉 < 0
(by Proposition 2 and Note 1). But, this is clearly the same set as for all l
appearing in TλX. In other words S1 ⊂ S3.
4 Application to the case of the Hilbert Scheme
In this section we consider an application of Theorem 1 to the case of X
given by the Hilbert scheme of n points on C2. In this section we follow
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notations of [34], where the explicit formula for the elliptic stable envelope
for this variety was obtained. In particular, the tori A ⊂ T acting on X, the
set of fixed points XT, the choice of the polarization P and the chambers C
were described in Section 3 of [34].
4.1
Recall that the Hilbert scheme X is a Nakajima variety associated to the
quiver in Fig.1, with dimension n, framing dimension 1 and stability condi-
tions:
θ± : g → det(g)±1
see [22] or Section 3.3 in [34].
Figure 1: The quiver defining the Hilbert scheme X.
We consider the cyclic subgroup:
νb = {wk, k = 0, . . . , n− 1} ⊂ A ∼= C×.
of b-th roots of 1.
Proposition 6. The fixed set of νb has the following form
Xνb =
∐
n0,n1,··· ,nb−1
n0+···+nb−1=n
X(n0, . . . , nb−1)
where X(n0, . . . , nb−1) is the Nakajima quiver variety associated with the
cyclic quiver of length b (see Fig.2) with dimensions n0, . . . , nb−1, framing
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dimensions r = (1, 0, . . . , 0) and stability conditions
θb± : (g0, . . . , gb−1)→
b−1∏
i=0
det(gi)
±1.
.
Figure 2: The quiver defining X(n0, n1, . . . , nb−1).
We note that it is possible that X(n0, . . . , nb−1) = ∅ for some choices
(n0, . . . , nb−1).
Proof. Here is the sketch of a proof. As a Nakajima variety associated to
Fig.1, X is given by the symplectic reduction of
T ∗R = T ∗Hom(C,Cn)⊕ T ∗Hom(Cn,Cn).
by the natural action of GL(n). Recall that the torus A, and thus νb, act by
scaling the loop in the quiver. It means that, if (J, Y ) is an element from R
then νb acts by (J, Y )→ (J, Y ω).
We have a decomposition
Cn =
b−1⊕
i=0
Cni , ω|Cni = e
2pi
√
1i
n . (33)
The νb-invariant part of R then has the form
Rνb = Hom(C,Cn0)⊕
b−1⊕
i=0
Hom(Cni ,Cni+1) with Cnb := Cn0 .
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and the symplectic reduction of T ∗Rνb is exactly the quiver variety associated
to Fig.2.
To complete the proof we also need to show that θb±-stable points in T
∗Rνb
satisfying the moment map condition for
∏
iGL(ni) are also θ±-semistable
in T ∗R and satisfy the moment map condition for GL(n). This is straight-
forward and we leave it to the reader.
Recall that the fixed points XT = XA are labeled by the Young diagrams
with n boxes. It is also clear from the previous proposition that
XT =
∐
n0,n1,··· ,nb−1
n0+···+nb−1=n
X(n0, . . . , nb−1)T.
Proposition 7. For a fixed point λ ∈ XT we have
λ ∈ X(n0, . . . , nb−1) ⇔ |{ ∈ λ : c() mod b = i}| = ni, i = 1, . . . , b−1.
where c() is the content of a box  in the Young diagram λ.
Proof. It is convenient to use the description of X as a space of ideals in
C[x, y], see Section 3.1-3.2 in [34]. A box in the Young diagram λ with coor-
dinates (i, j) then corresponds to the monomial xj−1yi−1. These monomials
form a basis of Cn in (33) above. The A-character of this monomial equals
i − j = c. It means that ω acts on it by e
2pi
√−1c
b and thus it is from
Cnc mod b . Since these monomials form a basis, we have
ni = dimCni = |{ ∈ λ : c() mod b = i}|.
4.2
We have Pic(X) ∼= Z with a generator given by the line bundle O(1). We
denote
dλ = degA(O(1)|λ) =
∑
∈Λ
c.
Lemma 5. The character (16) for the Hilbert scheme X has the following
form:
σλ = dλ + |λ|2
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Proof. The Lemma is obvious from the following expression for the polariza-
tion:
Pλ =
∑
i,j∈λ
ac
λ
i −cλj +1 −
∑
i,j∈λ
ac
λ
i −cλj +
∑
i∈λ
ac
λ
i ∈ KA(pt). (34)
see Section 3.7 in [34].
Lemma 6. The A-characters of N±λ have the following form
N±λ =
∑
∈λ
a±hookλ()
where hookλ() denotes the hook length of a box  in the Young diagram λ.
Proof. For the tangent space we can write:
TλX = N
+
λ ⊕N−λ = Pλ ⊕ P¯λ
and the result follows from (34) after some algebra.
Lemma 7. Assume that λ, µ ∈ X(n0, . . . , nb−1)T and w ∈ Q then
bindλ · wc − bindµ · wc = mλ(w)−mµ(w)
where mλ(w) ∈ Q is defined by:
mλ(w) = w dλ −
∑
∈λ
bhook()wc
Proof. Follows from Lemmas 4,5 and 6.
4.3
For the Hilbert scheme X we have K = Pic(X)⊗C× = C× and there are two
chambers in (11) corresponding to
z → 0 or z →∞.
We will denote by D± the corresponding chambers (19) for a νb-fixed point
component X(n0, . . . , nb). These chambers correspond to the slopes from
canonical and anticanonical alcoves of X(n0, . . . , nb).
If s(a, z) is as in (9), then for the Hilbert scheme X it has the following
transformation laws:
s(aq, z) = zdλ−dµs(a, z), s(a, zq) = adλ−dµs(a, z)
and thus χλ(w, ·) = wdλ.
24
4.4
Let us choose a νb-fixed component X(n0, . . . , nb−1) ⊂ X, and consider the
matrix:
T˜λ,µ(a, z) =
StabEllX,C,P (λ)
∣∣
µ
StabEllX,C,P (µ)
∣∣
µ
, λ, µ ∈ X(n0, . . . , nb−1)T.
and let
K˜±λ,µ(a, ~) =
StabD
±
X(n0,...,nb−1),C,Pνb (λ)
∣∣∣
µ
StabD
±
X(n0,...,nb−1),C,Pνb (µ)
∣∣∣
µ
be the normalized matrix of restrictions of K-theoretic stable envelopes for
the cyclic quiver variety X(n0, . . . , nb−1), with slopes corresponding to the
canonical and anticanonical alcoves, then the Theorem 2 gives:
Theorem 3. Let w = a
b
∈ Q such that gcd(a, b) = 1, then
lim
z→0
Z
(
lim
q→0
T˜ (aqw, z)
)
Z−1 = HK˜+(a, ~)H−1,
lim
z→∞
Z
(
lim
q→0
T˜ (aqw, z)
)
Z−1 = HK˜−(a, ~)H−1,
where
Z = diag(zw dλ)
∣∣
λ∈X(n0,...,nb−1)T , H = diag((−1)
rk(indλ−indνbλ )~mλ(w))
∣∣∣
λ∈X(n0,...,nb−1)T
.
Let us also denote
T˜λ,µ(a, z) =
StabEllX,C,P (λ)
∣∣
µ
StabEllX,C,P (µ)
∣∣
µ
, λ, µ ∈ XT.
We note that Xνb may have nontrivial fixed components (i.e. not just XT)
only if b ≤ n. The above theorem then gives:
Corollary 2. The limits are non-trivial:
lim
z→0
Z
(
lim
q→0
T˜ (aqw, z)
)
Z−1 6= Id
(Id denotes the identity matrix of size |XT|) only for the following points:
w ∈
{a
b
∈ Q : gcd(a, b) = 1, 1 ≤ b ≤ n
}
.
25
5 Finite subgroups of framing torus
5.1
For this section X(n, r) denotes a Nakajima quiver variety with the dimen-
sion vector n = (n1, . . . , nl) and the framing dimensions r = (r1, . . . , rl)
where l is the number of vertices in the quiver (see [10, 21] for introductions
to quiver varieties). The framing torus acting on X(n, r) has the form
A = (C×)r1 × · · · × (C×)rl .
We denote by a1, . . . , a|r| with |r| = r1 + · · · + rl the coordinates on A. We
fix the hyperplane arrangement in LieQ(A) defined by the equations:
H
(n)
i,j = {a˜i − a˜j = n} ⊂ LieQ(A), i, j ∈ I, n ∈ Z,
where a˜i, i ∈ I = {1, . . . , |r|} denote the corresponding coordinates on LieQ(A).
5.2
For a point w ∈ LieQ(A) we denote
Bw = {H(n)i,j : w ∈ H(n)i,j }.
Let Z(w) ⊂ A be the subtorus defined by the condition
Lie(Z(w)) =
⋂
H
(n)
i,j ∈Bw
H
(0)
i,j .
A choice of w also provides the decompositions
I = I1 ∪ · · · ∪ Im (35)
so that i, j belong to the same subset if there is H
(n)
i,j ∈ Bw and
r = r1 + · · ·+ rm (36)
with |rk| = |Ik|. We recall the following well known property of quiver
varieties known as tensor product structure:
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Lemma 8. The fixed point set of the torus Z(w) has the following form:
X(n, r)Z(w) =
∐
n1+···+nm=n
X(n1, r1)× · · · ×X(nm, rm).
The characters which appear in the normal bundle NX(n,r)Z(w) are of the form
ai/aj with i and j from different subsets of (35).
Proof. See Section 2.4 in [19].
For example, if w = 0 then Z(w) = 1 is trivial and X(n, r)Z(w) = X(n, r).
In the “opposite” case, if w is such that Bw = ∅ then Z(w) = A and thus
X(n, r)Z(w) = X(n, r)A.
Informally speaking, we have the following picture. For each point w ∈
LieQ(A) we associate a subvarietyX(n, r)
Z(w) inX(n, r). For a point w which
is in the complement of all hyperplanes, this subvariety is simply X(n, r)A.
If w arrives at a hyperplane then the subvariety gets larger. Further, if w
is at an intersection of two hyperplanes the fixed point set gets even larger
and so on. Finally, when we arrive at the intersection of maximal number of
hyperplanes the corresponding variety gets maximally large, i.e., X(n, r).
5.3
Let C and P be a choice of a chamber and a polarization for a quiver variety
X(n, r). We denote the Z(w)-invariant part of P by P (w). Clearly,
P (w) =
m⊕
i=0
Pi
where Pi is a polarization for X(ni, ri). We denote by ind
w
λ the index of λ
associated with P (w) and the chamber C.
As the varieties X(n, r) and X(ni, ri) are all associated to the same
quiver, the map κ is an isomorphism and we write D′ = D.
For a point w ∈ LieQ(A), as in the previous section, we denote by ωw the
translation acting on sections of line bundles over EA by:
ω∗wf(a1, . . . , a|r|) = f(a1q
w1 , . . . , a|r|qw|r|). (37)
The Theorem 1 then gives:
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Theorem 4. For any w ∈ LieQ(A) we have:
Λ•(P¯ (w))⊗ lim
z→0D
(
zχ(w,·)−χλ(w,·) lim
q→0
ω∗w ◦ i∗
(
StabEllX(n,r),C,P (λ)
Θ(P )
))
(38)
= (−1)rk(indλ−indwλ)~bindλ·wc StabDX(n,r)Z(w),C,P (w)(λ).
Proof. We have w = (w1, . . . ,w|r|) with wi ∈ Q. We consider a cyclic sub-
group of A with generator:
(a) = (a1, . . . , a|r|) −→ (ae2piiw) = (a1e2piiw1 , . . . , a|r|e2piiw|r|). (39)
We note that X(n, r)νb = X(n, r)Z(w). Indeed, all A-weights appearing in
the normal bundle to X(n, r)Z(w) is of the form ai/aj with i and j from
different subsets of (35). From the definition of the hyperplane arrangement
wi − wj ∈ Z ⇐⇒ i, j are in same subset of (35),
which gives X(n, r)νb ⊂ X(n, r)Z(w). Is clear from (39) that νb ⊂ Z(w) and
so X(n, r)Z(w) ⊂ X(n, r)νb .
We see that the shift (37) satisfies the conditions described in Section 3.1
for νb, and the result follows from Theorem 1.
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